We construct a metrical framed f (3, −1)-structure on the (1, 1)-tensor bundle of a Riemannian manifold equipped with a Cheeger-Gromoll type metric and by restricting this structure to the (1, 1)-tensor sphere bundle, we obtain an almost metrical paracontact structure on the (1, 1)-tensor sphere bundle. Moreover, we show that the (1, 1)-tensor sphere bundles endowed with the induced metric are never space forms.
Introduction
Maybe the best known Riemannian metric on the tangent bundle is that introduced by Sasaki in 1958 (see [20] ), but in most cases the study of some geometric properties of the tangent bundle endowed with this metric led to the flatness of the base manifold. In the next years, the authors were interested in finding other lifted structures on the tangent bundles, cotangent and tangent sphere bundles with quite interesting properties (see [2] , [4] - [10] , [21] ).
The tangent sphere bundle T r M consisting of spheres of constant radius r seen as hypersurfaces of the tangent bundle T M have important applications in geometry. In the last years some interesting results were obtained by endowing the tangent sphere bundles with Riemannian metrics induced by the natural lifted metrics from TM, which are not Sasakian (see [1] , [8] , [15] ).
Tensor bundles T p q M of type (p, q) over a differentiable manifold M are prime examples of fiber bundles, which are studied by mathematicians such as Ledger, Yano, Cengiz and Salimov [3] , [14] , [18] . The tangent bundle T M and cotangent bundle T * M are the special cases of T p q M . In [19] , Salimov and Gezer introduced the Sasaki metric S g on the (1, 1)-tensor bundle T 1 1 M of a Riemannian manifold M and studied some geometric properties of this metric. By the similar method used in the tangent bundle, the same authors defined in [17] the Cheeger-Gromoll type metric CG g on T which is an extension of Sasaki metric. Then they studied some relations between the geometric properties of the base manifold (M, g) and (T 1 1 M, CG g). In the present paper, we consider Cheeger-Gromoll type metric CG g on T 1
1 M and using it we introduce a metrical framed f (3, −1)-structure on T 1 1 M . Then, by restricting this structure to the (1, 1)-tensor sphere bundle of constant radius r, T 1 1r M , we obtain a metrical almost paracontact structure on T 1 1r M . Finally, we show that the (1, 1)-tensor sphere bundles endowed with the induced metric are never space forms.
Preliminaries
Let M be a smooth n-dimensional manifold. We define the bundle of (1, 1)-
denotes the disjoint union, and we call it (1, 1)-tensor bundle. We define also the projection π :
are any local coordinates on U ⊂ M , and p ∈ U , the coordinate vectors {∂ i }, where ∂ i := ∂ ∂x i , form a basis for T p M whose dual basis is dx i . Any tensor t ∈ T 1 1 M can be expressed in terms of this basis as t = t
M is a smooth manifold of dimension n + n 2 . We denote by F (M ) and ℑ 
of A has the following local expression with respect to the coordinates ( 1 M (see [3] and [14] )
2)
where Γ k ij are the local components of ∇ on M .
Let U (x h ) be a local chart of M . By using (2 .1) and (2 .3) we obtain
where δ h j is the Kronecker's symbol andj = n + 1, . . . , n + n 2 . These n + n 2 vector fields are linearly independent and generate, respectively, the horizontal distribution of ∇ and vertical distribution of T 1 1 M . Indeed, we have H X = X j e j and V A = A i j ej (see [19] ). The set {e β } = {e j , ej} is called the frame adapted to the affine connection
Proof. Contacting (2 .6) with t r v , then differentiating the obtained expression three times, it follows that, α 3 = −α 4 . Also differentiating the remaining expression two times, we have For each p ∈ M the extension of the scalar product g, denoted by G, is defined on the tensor space π
where g ij and g ij are the local covariant and contravariant tensors associated to the metric g on M .
Now, we consider on T 1 1 M a Riemannian metric CG g of Cheeger-Gromoll type, as follows: The symmetric matrix of type 2n × 2n 8) associated to the metric CG g in the adapted frame {e β }, has the inverse
h . In the special case, if a = 1 and b = 0, we have the Sasaki metric S g (see [19] ). Let ϕ = ϕ 
where R denotes the curvature tensor field of the connection ∇ and γ − γ : 
where R s ljr are the components of the curvature tensor field of the Levi-Civita connection on the base manifold (M, g) and
In the following sections we consider the subset T M consisting of sphere of constant radius r. Now, we consider the (1, 1)-tensor field P on T
where c 1 , c 2 , d 1 , d 2 are smooth functions of the energy density t and E = g •E ∈ ℑ 0 1 (M ). Using the adapted frame {e i , E j ej, ej} to T
where E k = g rk E r . In [17] , the following theorem proved. 
is an Riemannian almost product structure on T 14) and (3 .13) hold good. Now, we consider vector fields fields on T 1 1 M :
and 1-forms 
and
where a, b = 1, 2, 3 with condition a = b. We have also by (3 .12) and (3 .16)
(3 .19) Now, we define a tensor field p of type (1,1) on
This can be written in a more compact from as
Proof. We only prove (3 .24). Using (3 .17), (3 .18) and (3 .19) we have
The above equation gives us (3 .24).
Lemma 3. Let P satisfy Theorem 1. If
2 ), (3 .25) then p 3 − p = 0 and p has the rank n + n 2 − 3 (or corank 3).
Proof. If (3 .25) holds, then from the above lemma we obtain
where
Since P 2 = I, then by using (3 .17) we get
that is X ∈ span{ξ 1 , ξ 2 , ξ 3 }, i.e., ker p ⊆ span{ξ 1 , ξ 2 , ξ 3 }. We have also p(ξ 3 ) = 0. The above equation and the second relation in (3 .22
. By using lemmas 2 and 3, the converse of the theorem is proved.
Lemma 4. Let (
CG g, P ) satisfy Theorem 2. Then the Riemannian metric CG g satisfies
Proof. Obviously, we have CG g(ξ 1 , ξ 2 ) = 0. Using (3 .15), we deduce
We have also
Using (3 .19) and the above equations we deduce
is a Riemannian almost product structure. Thus the lemma is proved. Proof. Using Lemma 4, it is easy to see that the metricity condition
of the framed f (3, −1) structure characterized by (3 .25) is satisfied if and only if (3 .28) hold good. Thus the proof is complete.
On (1, 1)-tensor sphere bundle
Let r be a positive number. Then the (1, 1) tensor sphere bundle of radius r over a Riemannian (M, g) is the hypersurface
It is easy to check that the tensor field
is a tensor field on T M .7), we see that the Riemannian metric g on T 1 1 M , induced from CG g, is completely determined by the identities
for all X, Y ∈ ℑ 
4.1 An almost paracontact structure on T
1r M
In this section, we show that the framed f (3, −1)-structure on T 1 1 M , given by Theorem 3, induces an almost paracontact structure on T 1 1r M . First, we show that ξ 2 and ξ 3 are unit normal vector fields with respect to the metric CG g. Let
be the local equations of
By replacing (4 .33) into (4 .32), we get
The natural frame field on T 1 1r M is represented by
Then by (4 .34), we deduce that
Similarly we obtain CG g( 
, the proof is obvious.
We put 
It is easy to show that if (3 .25) and (3 .28) hold, then the Riemannian metric g satisfies
(4 .37)
By the equation (4 .37) and Theorem 5, we conclude the following. 
Non-existence (1, 1)-tensor sphere bundles space form
The curvature tensor field R of the connection ∇ is defined by the well-known formula
where X, Y , Z ∈ ℑ 
